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Hypersonic Viscous Flow Near the Stagnation

Streamline of a Blunt Body: I.

A Test of Local Similarity

Hs1ao C. Kao*
Stanford Universtty, Stanford, Calzf.

The flow near the stagnation streamline of a blunt body is often analyzed by using the
approximation of local similarity, which reduces the equations of motion to a system of
ordinary differential equations. This scheme is equivalent to trunecating at one term a power-
series expansion of the flow variables from the stagnation point, neglecting backward influ-
ence. The accuracy of such a truncation is examined in this paper. The principal assump-
tion is that the Navier-Stokes equations are valid. In addition, it is assumed that the va-
lidity of the first truncation can be evaluated by comparing it with the second. The conclusion
is that the usual assumption of local similarity is remarkably accurate for predicting flow

quantities near the stagnation streamline.

Nomenclature

Q
[

(h1s/ Ux2)V2, constant proportionality for viscosity
law

k/ 0.2, dimensionless enthalpy

coefficient of heat conductivity

freestream Mach number

P/be l_7m2, dimensionless pressure

Cpia/k, Prandtl number

7/Rs, dimensionless radial distance

body radius

pow Ul /15, Reynolds number

/U, dimensionless tangential velocity component

freestream velocity

7/ U, dimensionless normal velocity component

adiabatic exponent

angle between r and axis of symmetry

A/ s, dimensionless viscosity coeflicient

p /by dimensionless density
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Superscripts

(D] = physical quantities

I.1 Introduction

HE problem of determining the flow field behind a de-

tached shock wave is a very difficult one, especially when
viscosity is taken into account. However, if we limit our-
selves to predicting the flow properties near the stagnation
streamline of a blunt body, an approximate local analysis may
be made by utilizing the concept of local similarity. This
consists in assuming that the variables are separable, except
for some terms that are negligible in a thin shock layer.
Then the Navier-Stokes equations reduce to a system of
ordinary differential equations.

Local similarity can be imbedded in a systematic scheme
of successive approximations by expanding the flow quanti-
ties in powers of the distance from the stagnation point {see
Egs. (9)]. Substituting the expansions into the equations
of motion and equating terms that contain like powers of the
distance yield a system of ordinary differential equations.
The first-order equations, obtained by equating terms that
contain the lowest power of the distance, consist mostly of
first-order terms [quantities with subscript 1 in Egs. (9)], and
a few second-order ones (quantities with subseript 2). This
can be seen, for example, in Eqgs. (10-13). A similar situa-
tion exists in any higher-order equations. Hence, the num-
ber of equations is always less than the number of dependent
variables. In order to overcome this difficulty, we use a
so-called truncation scheme. That is, we truncate the ex-
pansions in such a way that the number of equations becomes
equal to the number of the dependent variables, so that the
equations are solvable. The first truncation consists of the
set of first-order equations without some of the second-order
quantities. The actual procedure of truncating the equations
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needs explanation and will be described later. The next
step in improving the accuracy is to include the second-order
terms in the first-order equations. In order that these
second-order terms be determinable, we must also consider
the second-order equations simultaneously with the first-
order equations. Since the second-order equations contain
a few third-order terms, we must also truncate them to in-
sure that the number of equations is again equal to the
number of dependent variables. Although we need an
infinite number of truncations to determine the problem ex-
actly, the approximation can be expected to improve con-
tinuously as the order of the truncation increases, especially
if our interest is limited to the vicinity of the stagnation
streamline.

The presence of additional terms whose order is higher than
that of the equations in which they appear is a symptom of
backward influence, associated with the elliptic nature of the
governing equations in the subsonic region.

As pointed out by Hayes and Probstein, for a spherical or
cylindrical body, the functional form of the solution with
local similarity is analogous to that of the solution having
full eylindrical or spherical symmetry.! If the shock layer
is thin and the discontinuous shock wave is nearly concen-
tric with the body, the assumption of eylindrical or spherical
symmetry is a good approximation, and it has been applied
successfully by Lighthill and others.* ?* The first truncation
in the present scheme corresponds to eylindrical or spherical
symmetry and hence is equivalent to the assumption of local
similarity. Thus, examining the accuracy of the first
truncation is equivalent to examining the validity of local
similarity.

Since all previous authors have assumed local similarity
(see for example, Refs. 2-9), it is important to know its
accuracy. This is the purpose of the present investigation.

If we simply delete all second-order terms from the first-
order equations to reduce the number of the dependent vari-
ables to the number of equations available, an anomaly will
oceur, because we neglect so many terms that no well-behaved
solution can exist under the given boundary conditions.
This can be seen in Swigart’s inviscid calculation of the first
truncation for a given spherical shock.’* There the standoff
distance cannot be determined since nowhere in the field do
the flow quantities satisfy the tangency condition on the
hody. For this reason, the present truncation is an in-
dented one [see Egs. (9)]; that is, in each truncation one more
term is retained in the expansion for the pressure than for
the other flow quantities. This pattern is suggested by
Lighthill’s solution for constant-density flow between a sphere
and a concentric spherical shock wave.* His flow variables
have just the form of our first truncation. Our first trunca-
tion is also essentially the same as the locally similar solu-
tions proposed in Ref. 1, without some of the small terms.

To test the accuracy of the first truncation, we consider the
flow near the axis of symmetry, i.e., the stagnation stream-
line for an unyawed body, ahead of an axisymmetric body
(Fig. 1). The flow is assumed to be governed by the Navier-
Stokes equations for an ideal gas with constant adiabatic
exponent, constant Prandtl number, and zero bulk viscosity.
The procedure is to calculate several numerical examples
from the first and second truncations. If the changes from
the first to second truncation are negligible, the first truncation
is assumed to be accurate. This is an indirect verification,
but we shall be content with it, since it is not possible here to
find a rigorous proof for the accuracy of this truncation scheme.

In general, we calculate the numerical examples by applying
the Navier-Stokes equations to the entire shock layer, as-
suming that the shock wave is discontinuous.! This is the
so-called viscous-layer approximation. However, when the
Reynolds number is small, viscous effects also prevail up-
stream, the shock layer can no longer be regarded as thin
compared with the body radius, and the shock wave is not a
discontinuity. Consequently, we must consider the flow field
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of a single continuous region, without imposing the shock
conditions between the freestream and the body surface.
In this case, we integrate the equations for the first trunca-
tion directly from the freestream conditions to the body sur-
face, or vice versa.

Ho and Probstein? and others have carried out caleulations
based on the viscous-layer approximation for a somewhat
limited range of Reynolds numbers using a system of equa-
tions slightly different from the first truncation. A small
but seemingly useful innovation is made here, so that the
numerical integration is less laborious and more stable even
for high Reynolds numbers. Levinsky and Yoshihara?
have integrated a system of equations similar to those of
Ho and Probstein without the viscous-layer approximation.
However, viscous-layer theory will be emphasized in this
study, because it is simpler and is believed to give the essen-
tial features when the Reynolds number is not too small.
The extent to which the viscous-layer approximation fails
is beyond the scope of the present study, but will be con-
sidered in Part IT.

All numerical calculations have bheen carried out with
M. =10, Pr = 0.7, and ¥ = 3. These conditions are
almost the same as those used by Ho and Probstein. Hence,
some of the first-truncation results bear a close resemblance
to theirs.

Our results indicate that the usual assumption of local
similarity can satisfactorily prediet the flow properties near
the stagnation streamline. However, if the Reynolds number
is very small (say R. < 10), it may be necessary to modify
that conclusion. This matter is currently being investigated.

I.2 Basic Equations and Boundary Conditions

Spherical polar coordinates are used. They are illus-
trated in Fig. 1, together with the velocity components.
Flow quantities are made dimensionless by dividing by the
freestream conditions, as shown in the Nomenclature. The
Reynolds number used here is of a mixed type, R = p.UoRy/
[s, where fiis denotes the coefficient of viscosity on the axis
of symmetry immediately behind the shock wave. If there
is no clearly defined shock wave in the flow, this is a fictitious
quantity determined from the Rankine-Hugoniot relations.

The equations of motion for the dimensionless variables are

o) dlpu)

o +W+p(20+ucot6)=0 1
top (0w wdu w\_ 112
;b_0+p<vg;+rbﬁ+r>_Rerzbex
4u (Ou 2u ([ w
[g(a—(;—i—v)—— 3<rbr+v+ueot0

SN—
+ 1
N
F) =
Yio
X

O (uy , po], 13w 2(%)
[wgr<r>+rbe]+R,,r [rbr r
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2 4 (v v  uv f) . p(r, ) ~ £a(r) + pa(r) sin0 | + pa(r) sin*g
or or " r 0f r u(r, 8) ~ u(r) sind ,—I— uz(r) sin®@ + cee,
1o [‘L w2 (% + 24w co’c0>:| + o(r, ) ~ —u(r) 00595:— vs(r) cosd sin205:+ cey (9)
R.o ; . !
rL3or 3r\of h(r, 6) ~ hy(r) i+ ha(r) sin®f -+,
110 O fu v 1 4up (o0 v : . :
ol e ()] e (5 ) - MO0 ) ) S0
i ou > > First truncation  Second truncation
7 u v
R.r? l: R + 2u cotf — r* or \r cotd — Y cotﬂ] @) Assuming that the coefficients in the series expansions and
oh oh 5 5 5 their derivatives are of order unity, substituting these into
Oh  woOh\ Op  u0p 1 ov\* 2 the equations of motion, and equating like powers of sind, we
P <v r + r 0> = Vo + r 08 + R. “{2 <br> + 2 X obtain the first set of equations. They are Eqgs. (10-16)
2 . minus Eq. (14) with the terms enclosed by () included. How-
<bf_‘ 4+ (v + w cotd) r o <"_‘) + 1w } - ever, if we take the first truncation of the expansions, the
o0 or \r r of terms in { } do not appear. They are written here for visual-
12 ) 1 1T oh ization and for use in the second truncation. Kquation
= adad < TS, + + 20 + u cotﬁ) + B 7Pr l:g <E 5@) + (14) is taken essentially from the second set of equations.
3 o rPrL o0 \r It must be included, because the p, term is included in the
d oh Oh  cotf Ok first truncation:
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These are, respectively, the equations of continuity, tangen- ™ 3r r o)t
t‘ial. momentum, normal momentum, energy, state, and vis- 2p9 202 1/2}14' 16(2us — 1) B
cosity. + rhl 3

For integration in the viscous-layer regime, the shock wave
is assumed to be a sphere with the origin of the coordinate
system at its center. Hence, the body obtained from the
second truncation is axisymmetric but not necessarily a
sphere. Its shape is determined by the given boundary
conditions. The osculating sphere tangent to the body at
the stagnation point is concentric with the shock wave.
For direct integration through the shock wave, the body is
always taken to be a sphere.

The fluid is assumed not to slip to the wall. Hence, the
boundary conditions for the velocity components at the
body surface are u, = v, = 0. For a “cold-wall” problem
as here, this no-slip condition can be justified.

In regard to the outer boundary conditions, they differ
with the methods undertaken. For viscous-layer approxi-
mation, the Rankine-Hugoniot relations are the outer bound-
ary conditions. They are

_ 2yM.H(1 — sin?6) — (y — 1)

b= v(y + 1)M..2

us = sinf

cosf
g = — ——— -1
' v+1[7 -

he =

2

2]12
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gr—hl <—‘-T +l1>> (11)

hy'
v = —R, i (px' + 91011’1') - <* + o : ) v +
4/11 1

2h
—<%>(m

ul' 7 h1 Uy —
or < + 2h1> r
P 4Pr v,"? 2
R, = (wip) — pihy’) — ;vl - (; + ) hy'
1

Bl (%) o

' = —p’ + 22 (19)

hll, =

(w — v)

@
M1 — sinﬁa)]
[2YM.2(1 — sin?) — (v — D] [MXy — 1) — sin) + 2]

For direct integration through the shock wave, the free-
stream conditions are then the outer boundary conditions.
They are

1
M2

P = U, = sinf Ve, = —cosf

. ®

SRS

1.3 Expansion Scheme

The flow variables are expanded about the axis of symmetry
with respect to siné as follows:

Moty — Dy + 1)*(1 — sin’f)

o= [v/(v — Dl(p1/h)
M1 = 0’]2[1/2

Here the prime refers to differentiation with respect to r.

Similar equations can be obtained for the next set of equa-
tions. They are more complicated, the equation for tangen-
tial momentum being

(13)
(16)

uZ” = —R. & <'LL2’?)1 + UIIUZ + e + Ul 4“1u2> —
M1 r
Uy — i
R. B + R, — (PZ - pl) (—ul’vl + w : 1> +
Ty 2 r

Eq (17) continued on mext page
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The equations for the second truncation are Eqgs. (10-13)
with the terms in ( ) included, Eqs. (15) and (16) plus Eq.
(17) and the other equations in the system excluding the
terms enclosed by ( ). These terms are again written here
to give an idea of the number of terms that are truncated.
Note that, besides the terms with subscript 3, a few non-
linear secondary terms in Eq. (17) and the other equations
in the system have also heen neglected. This was done to
make all the secondary equations strictly linear, which facili-
tates the numerical computations.

After substituting Eqs. (9) into Egs. (7), (8), and the
surface conditions, we can obtain the boundary conditions
for the first and second truncations. The exterior boundary
conditions are easily written and are not shown here. The
surface conditions are given as follows:

First Truncation:

w(r) =0 v(r) =0 m(r) = 0.029
n'(r) =0 at r=1

where r = 1 refers to the body radius at the stagnation point,
hi at the sur face 1s arbitrarily chosen as 0.029, which is
approx1mately L of the stagnation enthalpy, and the condi-
tion ;" = 0 is 1mposed to ensure a finite pressure gradient at
the surface.?

Second Truncation:

If the body is chosen as a sphere, and the surface tempera-
ture is constant, the surface conditions are

’MQ(].) =0 1)2(1) = 0 }Lz(l) = 0 1}2’(1) =
(19)
For an inverse problem, where the shock shape is preseribed

and the body shape is to be determined in the course of solu-
tion, the surface conditions are

'l,l/z(l) = —7727,41,(1) 1)2(1) = 0
hao(1) = —maha’(1) v'(1) = 4ux(1)
Here the surface temperature is again assumed to be con-

stant everywhere to second order, and 7y is the second coeffi-
cient of the body radius r, in the expansion
=14 nsin2+ ...,

with the origin at the origin of the coordinate system. There
is one more houndary condition for the first truncation of the
viscous-layer theory than is needed for solving the governing
equations, and there are two more for the second truncation
of the same method. The reason is that the location of the
boundary is unknown. Instead of prescribing the surface
temperature as constant, we can prescribe the body shape
7, and obtain the surface temperature when we solve the
equations. In this case, k(1) in Eq. (19) or (20) need not
be of the form as shown; it can, in fact, be an arbitrary con-
stant. In general, the body shape for an inverse problem in
viscous flow depends upon the preseription of temperature
on the body surface and, in contrast to the situation for in-
viscid flow, is not a unique quantity.

(18)

(20)

1.4 Calculation Procedures

Before carrying out any numerical integrations, we rewrite
Eqs. (10-13) in the following form in order to introduce a
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simplification later and to stabilize the numerical computa-
tions:

U1 19
~L R.
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h ’ h 7 ”
i (=) o @
1 1

3 v’ Pry,?
= - 4R '
4y DL hap

Y2
w” = same as Eq. (11) (22)
= AA — R.Gp'/4m) (23)
h" = BB + R.(Prop'/ ) (249
where
AA = —R, 4%‘1 oy’ — (;2 + ;%1) n' + 1;—1; —

7 hl U — 33)2

P‘T v 4P7'1)1,2 hl
BB = —R, i Pii)lhl . 3 < + 2h1) h' -

4_PT<“1_” + 2, )_:”1_<%z> (26)

3

Equation (21) is quadratic in p," and is obtained by differ-
entiating Eq. (10) once with respect to r and substituting
from Eqs. (12) and (13) for »,” and &”. One of its roots
gives the pressure variation p,’.

Thus far, no approximation has been introduced. In Eq.
(21), however, p,” is not calculable in this arrangement.
Thus it will be replaced by the expression for inviscid flow,

, d 2ypr(m — v1)
= CTT{TW — yOVrpt=1/7] &

where ¢ = pio/p1sY. This then contributes the only error in
the recasting process. If there exists a definable boundary
layer in the shock layer, such a replacement of p,’’ is exact
outside the boundary layer and is approximately correct
within the boundary layer, since the viscosity has only a
third-order effect on the pressure variation at the stagna-
tion point.’® Thus, this error is expected to decrease as the
Reynolds number increases. The real justification should,
however, come from the numerical integration. It can be
demonstrated that, for the case of B, = 100, the error in-
curred is approximately 2%, which is regarded here as within
tolerance. However, when the Reynolds number is so small
that the boundary layer merges with the shock wave, this
simplification is no longer applicable. Therefore we use the
original system of Eqgs. (10-16) for B, = 10; in this case as
well as in all low-Reynolds number cases, direct integration
from the shock wave to the body surface can conveniently be
carried out without encountering numerical instability.

In general, the last term on the right-hand side of Eq.
(21) (the only term in the system that involves p,”) is small
in the shock layer compared with other terms. This is es-
pecially true near the body surface, since p,” is never large
in the entire shock layer and v; is roughly one order of magni-
tude smaller than u; (because v;’ must also approach zero
near the surface). Hence, under ordinary circumstances,
Eqs. (21-27) can be used as a starting procedure if we initiate
the integration from the surface, or as a terminal procedure
if we initiate the integration from the shock wave. By fol-
lowing the latter procedure, we can avoid the complications
of extrapolating the flow quantities to the surface. This
frequently causes embarrassing errors; for instance, the
equation of state in Ref. 2 is not satisfied at the surface. The
other quantities are, however, believed to be correct.



1896

H. C. KAO

ATAA JOURNAL

Table 1 Flow quantities and their derivatives at shock and body for R, = 10 calculated by viscous-layer approximation

Standoff
Uis o1’ his’ Uns” 2 has’ distance
First truncation 8.08 0.291 3.75 o . S 0.0718
Second truncation 8.04 0.245 3.78 —2.04 —0.669 —5.69 0.0720
U’ hip’ hip up’ ha' By
First truncation 53.6 27.6 0.025 - - o
Second truncation 52.4 27.3 0.026 261 147 —0.281

The foregoing simplification can equally well be applied to
the calculation of the second truncation. The expressions
equivalent to Eq. (27} are rather complicated and will not
be shown here.

The method of numerical integration employed herein is
to reduce a two-point boundary-value problem to an initial-
value problem with some unknown initial conditions that are
10 be guessed first and improved successively until the solu-
tions converge to the specified boundary conditions at the
opposite end. For the most part, the numerical computa-
tions were carried out on a Burroughs 220 electronic com-
puting machine by use of a fourth-order Adams predictor-
corrector method with the fourth-order Runge-Kutta method
as a starting procedure. An automatic error-control pro-
cedure, which chose an optimum step size for the error toler-
ance specified, was imbedded in the program. The machine
time for an individual run was between 10 and 30 min. Be-
cause of this relatively long running time, the accuracy of
the results has been sacrificed, only three significant figures
being given in Table 1. A few examples were, however, car-
ried out with higher accuracy for the sole purpose of com-
parison.

The secondary equations, i.e., Eq. (17) and the other mem-
bers in the system, are essentially linear except for a few non-
Iinear terms. In addition to the third-order terms, these
nonlinear terms are neglected in the calculation of the second
truncation so that superposition is feasible. It can be demon-
strated that, if thev are included, the final result does not
show any significant change. The calculation procedure for
the second truncation is as follows. First, we integrate the
secondary equations with all the required boundary condi-
tions satisfied by means of superposition in which the coeffi-
clents (i.e., the first-order quantities in these equations)

— .
L Lo
B
L 108
L -406
L,
hl
L \ -10.4
4 Y
—— First truncation
---- Second truncation
L Ho.2
v,
L I ! n o]
108 1072 106 104 102 10
r

Fig. 2 Comparison of first truncation vs second trunca-
tion of viscous-layer approximation, R, = 10.

are furnished by the calculations of the first truncation.
Next, we include the coupling terms [i.e., the terms enclosed
by () in Eqgs. (10-16)] and reintegrate the linearized equa-
tions of the second truncation. Now the boundary condi--
tions at the two ends generally cannot be all satisfied, since
the equations of the first truncation and the secondary
equations were calculated individually without the coupling
terms. Hence in general, a second or third cycle of integra-
tion is needed until all the boundary conditions are fulfilled.
This time the coupling terms are to be retained with the
approximate value given by the first-cycle calculation.

I.5 Numerical Examples and Discussion

Examples were calculated with Reynolds numbers of 10,
100, and 1000 for the purpose of evaluating the accuracy of
the first truncation. The range is wide encugh to extend
from the near free-molecule-flow to the regime of Prandt’s
boundary-layer theory. Discussion of this point will he
given in Part II. It is therefore felt that the finding here
is applicable to this problem regardless of the Reynolds
number as long as a Navier-Stokes model is valid.

Examples for the First Truncation

For the cases of B, = 100 and 1000, integrations were
initiated at the body surface and carried to the shock wave
using the simplified equations (21-27) plus Eqs. (14-16).
For the flow at B, = 10, integration was initiated at the
shock wave and carried to the body surface using the com-
plete equations (10-16) of the first truncation. In addition
to these examples using viscous-layer approximation, com-
putations were also made by integration through the shock
wave. Results are not shown here but will be given in Part
1L

Examples for the Second Truncation

The viscous-layer approximation is used here to check
the accuracy of the first truncation. For the flow at R. = 10,
the integration is initiated at the shock wave, whose shape is
chosen to be a sphere to the second order. The linearized
equations of the second truncation are used, except that when
the integration is sufficiently close to the surface the simpli-
fied equations are used as a terminal procedure. The alterna-
tive method for dealing with the boundary conditions of the
second truncation is used. Thus the body shape is set as a
sphere.  The surface temperature is then a parameter ob-
tained in the course of the caleulation and varies with dis-
tance from the stagnation point. For the flow at B, = 100,
the integration is initiated on the surface with the simplified
equations. The shock wave is still chosen as a sphere.
Again the alternative method is employed for dealing with
the boundary conditions. Two different body shapes have
been considered: 7, = 1and r, = 1 — 0.0087 sin?.

Without actually completing the numerical computation,
we soon find that the modification of the first truncation due
to the calculation of the second truncation is largest when
the Reynolds number is smallest. This point can be visual-
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ized by imagining Eqs. (10-16) reduced to Prandtl’s bound-
ary-layer equations, these being strictly of parabolic type so
that the coupling terms do not appear. Hence, for flows
with high Reynolds numbers where the boundary-layer ap-
proximation is valid, no backward influence can be present
within the boundary layer; the slight modification of the re-
sult due to the second truncation comes from the slight im-
provement of the inviscid solution at the body surface. The
question of how the higher truncations affect the inviscid
solutions has been investigated by Swigart.!' From his
conclusion and the fact that the first truncation here is
roughly equivalent to his second truncation, we may foresee
even without any computation that the second truncation
will give only a small improvement. Hence, it follows
that the calculations using local similarity with high Reynolds
number are not subject to any significant modification in
higher truncations. This argument holds for the flow with
R, = 1000 because it falls in the boundary-layer regime.
Computations were actually made; however, no result is
shown here for the effect is hardly discernible to the scale
of the plot.

Even for a Reynolds number as low as 10, the modifica-
tion of the second truncation is barely visible in the flow
profiles shown in Fig. 2. For this reason, Table 1 is included
to show numerical values at the boundaries. Again, because
it is not possible to plot a diagram discernible to a proper
scale, no flow profiles at B. = 100 are given.

From the foregoing numerical examples and reasoning, we
conelude that the usual assumption of local similarity is very
good for the purpose of a local analysis to determine the
flow properties near the stagnation streamline.
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